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K B. Ecihk 

O nopojK^emm jumeimbix rpynn 
KOMSHHaTopHbiMH rpynnaMH 

Pe3tOMe: OnncaHa rpynna CTpejiOHHBix noACTaHOBOK n npoueAypa reHepaunH 
nojiHOH jiHHeiiHOH rpynnBi n HeKOToptix ee noflrpynn. 

1. Tpynna CTpeJiOHHbix HOACiauoBOK kuk pacmnpeHne CHMMeTpnHecKon 
rpynnbi 

B KOM6HHaTopHtix nocrpoeHHax AaHHoro nyHKTa 6e3 oGtacHeHna HcnojiB3yeTca 
noHflrae HHKJia [1] h chctcmbi nopoacAaroinnx [2]. B ocrajiBHOM, rojioaceHne 
jiorHHecKH 3aMKHyro h He Tpe6yeT AonojiHHTejiBHBix ccbijiok. HTaK, nycTB 

/ = {l, ..,«}, s : I —> I - 6neKnna an:/-) l(s's(f) = s'(s(i))) - KOMno3nuna 
SHeKnnn. Tor^a mhojkcctbo Bcex n\ 6neKnnH S = {s} othochtcjibho 
npoH3BeAeHHfl S x S — > S : (s\ s) — > s's cocTaBJiaeT rpynny noACTaHOBOK 
(cHMMCTpuHecKyK) rpynny) CTeneHH n . BMecTe c TeM, mhojkcctbo Bcex hcthbix 
6hckihth cocTaBJiaeT noArpynny S + rpynnBi S , KOTopaa b oSineM cjiynae 
nopoacAaeTca 3-nnKJiaMn, a hmchho, S + (n) = (fe, j, k)}, ) , r^e n > 3 hiV j ^ k , ho 

ecjiH n = 1,2 , to S + (l) = S + (l) = e, r^e e - TO)KAecTBeHHaa noACTaHOBKa. 

IlycTB TaK)Ke A = {± l,..,±n} a p : / — » A - Taicaa nnBeKHHa, hto \p\:I —> I - 
SneKinia, npnneM cymecTByeT KOMno3HHHa 3thx HH-BeKnnn p'p : I — > A: 
p'p{i) = sgn(p(i))p'(^p(i^) . Tor^a mhojkcctbo Bcex 2 n n\ Shckthbhbix no Moayjno 

HHBeKHHH P = {p} OTHOCHTCJIBHO OnpeACJieHHOH paHee K0Mn03HHHH, T.C 

npoH3BeAeHHfl PxP — > P:[p',p) — > p'p , cocTaBJiaeT rpynny, Ha3BiBacMyK) HaMn 

rpynnon CTpenoHHBix noACTaHOBOK n-H CTeneHH. BMecTe c TeM, CTpenoHHaa 
noACTaHOBKa Ha3BiBaeTca CTpenoHHOH TpaHcno3nn,Hen, ecnn sto 3JieMeHTapHaa 
nepecTaHOBKa, T.e. p J+1 (l) = p J (m), p j+l (m) = p J (l), p j+x {i) = p J (i) A-na 
l,m,isl Ai^ l,m, hjih 3JieMeHTapHaa HHBepcna, T.e. p j+x (k) = -p j (k) , 
p J+1 (i) = p J (i) A-na k,i e / a z ■£ k , n rAe j - peKypcnBHBin hhackc, i - Seryinnn 

HHAeKC. 

IIo aHanornn c npocTBiMn noACTaHOBKaMH, BcaKaa CTpenoHHaa noACTaHOBKa 
MO»ceT 6bitb nojiyneHa KOMno3Hnnen CTpenoHHBix TpaHcno3Hnnn, a hcthoctb 
CTpejiOHHon noACTaHOBKn p onpeAenaeTca hcthoctbk) nncjia CTpenoHHBix 
TpaHcno3nn,Hn a™ nepexoAa k p . Ilpn stom, hcthoctb noACTaHOBKH p 
HHBapnaHTHa othochtcjibho BBi6opa komho3hhhh TpaHcno3Hn,nn A-na nepexoAa k 
p,x.e. (-\Y {p) =(-\y M = (-l) aAp) , mQ o x (p) h a 2 (p) -KOJiHHecxBo 
TpaHcno3Hn,nn b KOMno3HnHH 1 h 2 cootbctctbchho, a (t(p)g Z/2Z. HTaK, ecjiH 

(- \) a ^ = 1 , to p - neTHaa noACTaHOBKa, ecnn )Ke (- \) a ^ = -1 ? to p - HeneTHaa 
noACTaHOBKa. MHoacecTBO Bcex hcthbix CTpejiOHHBix noACTaHOBOK cocTaBJiaeT 
noArpynny P + rpynnBi P , KOTopaa b o6m,eM cjiynae nopo»CAaeTca reHepaTopaMH 
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(j-k) : j ->(-£),£-> j, /—>«', r^e i± j ± k ,a hmchho, P + (h) = ({(j-A;)}) , ho 
ecjiH n = 1, to P + (l)= e - TOMCAecTBeHHaa cTpenonHaa noACTaHOBKa. 

^.ajiee nycTt 7, = {l,..,/t}, I 2 = {k + l,..,n}, I x [jl 2 = I , s l = s(l x ), s 2 = s(l 2 ). 
TorAa s momcho npeACTaBHTb KaK cocTaBHyio noACTaHOBKy s x xs 2 , cocToarnyio H3 
noACTaHOBKH no MecTy I x h noAcraHOBKH no MecTy I 2 , T.e. H3 pa3Mem,eHnn s, n 

s 2 . BMecTe c TeM, pa3MenreHHe s l (s 2 ) Ha3MBaeTca TpaHcno3HHHeH no MecTy I x (l 2 ) , 
ecjin 3to 3JieMeHTapHaa nepecTaHOBKa BHyrpn I x (/ 2 ) , hjih sjieMenrapHoe 
3aMem,eHne, a HMeHHO, AJia 3aMem,eHHfl H3 I 2 b I x hmcem s/ +1 (/)= s j (m), 
sf +1 (i) = si (i) rfle me I 2 ; l,i e l x a i ± I , a AJia 3aMeineHHfl H3 b /2 HMecM 
s 2 +l (l)= s J (m), s 2 +l (i)= s 2 (i) rAe me I x ; l,i e 7 2 aj # / . HeraocTb cocraBHofi 
noACTaHOBKH 5j x 5 2 3aAaeTca hcthoctbio ee pa3Mem,eHnn, T.e. hhcjiom 
(_iyM . (_iyM ^ r ^ e a(s x ), cr(5 2 ) - (J>aKTopH30BaHHoe hhcjio TpaHcno3Hnnn no 
MecTy I x , I 2 A-ua nepexoAa k pa3Mem,eHHK) s x , s 2 cooTBeTCTBeHHO. ripn stom, ecnn 
(— if ■ (— iy^ 2 = 1 , to s x xs 2 Ha3tiBaeTca qeTHO-cocTaBHofi noAcraHOBKOH, a 
MHO>KecTBO Bcex qeTHO-cocTaBHbix noACTaHOBOK cocTaBJiaeT noArpynny S + (k, n — k) 
rpynnti S(n), KOTopaa b o6m,eM cjiynae nopo>KAaeTca 3-rnncjiaMH, AeHCTByronrHMH 
BHyrpn noAMHOJKecTB, h npon3BOJibHWM 2-hhkjiom, AencTByiom,HM Me>KAy I x n I 2 , a 
HMeHHO, S + (k, n - k) = <^{(z, j, o)\ , (l, m), {(z, j, o)}, 2 j , rAe I e I I a m e I 2 . 

B cbok) onepeAB, nocKOJibKy noHarae cocTaBHon noACTaHOBKH AonycKaeT 
ecTecTBeHHoe pacmnpeHHe b rpynny CTpenonHtix noACTaHOBOK, to mhokcctbo Bcex 
neTHO-cocTaBHtix CTpenoHHwx noACTaHOBOK cocTaBJiaeT noArpynny P + (k,n-k) 
rpynnti P{n), KOTopaa b o6meM cnyqae nopoacAaeTca reHepaTopaMH (i-j), 
AeHCTByronrHMH BHyrpn noAMHoacecTB, h npoH3BOJibHon napon reHepaTopoB 
± {l,m), AeHCTByromefi Me»CAy hhmh, rAe + (l,m) - 3to ajieMenrapHaa nepecTaHOBKa, 
a - (/, m) - 3to nepecTaHOBKa c HHBepcnaMH, T.e. - (/, m) : / — > (- m), m ^ (-/). TeM 
caMMM, HMeeM P + (k,n-k)=(^i,-j)} I ,±(l,m),fti,-j)} l2 ^, rAe lel x a me I 2 . 

^.ajiee, npeacAe HeM npncTynHTb k MaTpHHHOH peanH3ai(HH rpynnbr CTpenoHHbrx 
noACTaHOBOK, onpeAenHM ASTepMHHaHT noAMHO)KecTBa CTpoK KBaApaTHofi MaTpnubr. 

IlycTb I* cz I; b:I —> I - SHeKHHa, TorAa b(f): I* —> I - HHbeKn,Ha, T.e. 

noACTaHOBKa no MecTy 7* nun pa3Mem,eHne. Ecjih b*:I* — > I - npon3BOJibHaa 

HHbeKHna, to ~ {b*} h HeraocTb pa3Mem,eHHa b* onpeAenaeTca hhcjiom 

(- 1)^* ' , rAe <y(b*) - KOJiHHecTBO TpaHcno3Hii,HH a™ nepexoAa ot e* k b* , rAe e* - 

ToacAecTBeHHoe OTo6pa>KeHHe. TeM csmbim, ecnn A = {a^ A(l*) = [a^ 7 » . 7 > 

TorAa npHHHMaeM, hto det(v4(/*)) = V PI^^-jC - !/ • 

ie/* 

IlycTb Tenepb j(a (> ) | - MHO>KecTBO Bcex nepexoAHbrx MaTpnii, T.e. TaKHx 

KBaApaTHwx MaTpnii, b KOTopbrx KaacAMH CTOJiSeri h KaacAaa CTpoKa HMeroT oahh h 
TOJibKO oahh HeHyneBOH 3JieMeHT, npHneM, ecnn a tj ? , to a tj e {± 1} . TorAa AJia 
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rpynnti CTpenoHHtix no,n,CTaHOBOK P(n ) HMecM H30Mop(J)H3M P(n) ~ jy^) . i j, r^e 
a.. = sgn(p(i)) V j = h a.. = V 7 * |p(z')| . KpoMe Toro, P + (l) « 
{(a y ) 7 |detA = +l} a P + (/*,/\/*)-{(a. ) / |detA(/*)detA(/\/*)=+l},rAe 
P + (l* ,1 \ I') - noArpynnti qerabix h neTHO-cocTaBHbix CTpenoHHtix noflCTaHOBOK 
cooTBeTCTBeHHO. BMecre c TeM, ecjiH J = {l, . . , m} ; m<n; I, = |/ y }^ , r,a,e 

[J/ y = /, = 0, card[lj^j = rij, ^rij = n, npnneM noflceMeMcTBO 

mm m 

3anonHfleTCfl nocjieAOBaTejibHOH BbiSopKofi H3 / BCJieA 3a 3anojiHeHHeM 1 j , a 
/^{WiJ,™ P + (/ / )^P + (n 1 ,..,nJ-{(a y ]detA(/ 1 )- detA(/J = +l}. 

2. rpynna cTpejioHHbix noacTaHOBOK kuk reHepaTop nojmon jihhchhoh 
rpynnbi 

IlycTb 7? + = {jc g /?| * > 0} ; RP(n) - rpynnoBaa ajire6pa HaA R c 6a3HC0M P(n), 
KOTopaa nopoacAaeTca KaK jiHHefiHaa oGojionica, HaTaHyraa Ha rpynny P{n), T.e. 
RP{n) = (p{n)); GP(n) - MyjiBTHiuiHKaTHBHafl rpynna ajire6pti RP(n); a 
AutRP{n) = GP{n)/R + - rpynna aBTOMop(pH3MOB 3toh ace aureGpti. Tor^a HMeeT 
MecTO ocHOBHoe yTBepacAeHHe. 

Lemma 1: RP(n) « End R" = ML(n), GP(n) « GL n 7? = GL(n), 

Aut RP(n)~(SL{n),P{n)) 

^eficTBHTejibHO, nocKOJitKy peajiH3yeTca mhojkcctbom nepexoAHwx MaTpnn 
A(z), h3 KOToptix Bcer^a mo>kho BbiSpaTb n 2 jihhchho He3aBncnMbix MaTpHii, to 
A(l) BKniOHaeT b ce6a n HeKOTopbin 6a3nc npocrpaHCTBa ML(n), HMeioniero 
pa3MepHOCTb n 2 , a cjieAOBaTenbHO JiHHefiHaa o6ojiOHKa, HaTaHyrafl Ha A(l), 
coBna^aeT c ML{n). B cboio onepeAb, nocKOJibKy GL(n) = (SL(n), A(l),R + ■ , r^e 
E - eAHHHHHaa MaTpHua, to GL(n)/R + ~(SL(n),P(n)) h neMMa aoKa3aHa. 

^ononHHTejibHbiM hctohhhkom npoueAypbi nopoK^eHHa nHHEHHbix rpynn 
CJiyacHT yTBep)KAeHHe reHepaiinn o6meH jihhchhoh rpynnw. 

Lemma 2: 

IlycTb GL L j = diag^,..,GL(2j i ' J j ,..,l\ n , r^e i # j , npHHCM BepxHne 

HHAeKCbi yica3biBaK)T HOMepa CTpoK, a HHMCHHe - HOMepa ctojiShob, Ha 
nepeceneHKH KOTopbix pacnonaraeTca rpynna GL(2) . Tor^a 

GL(n) = ({GL IJ \) = ({GL l J i ). 

fleficTBHTejibHO, nocKOJibKy P{n)= (\p{2\ ; = ({p{2) i i+1 \) , r^e P{l) i j - 
noArpynna CTpejioHHbix noACTaHOBOK creneHH n , H30Mop(pHaa rpynne P{2), 
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KOTopaa npeACTaBJieHa mhokectbom CTpenoHHtix noACTaHOBOK no MecTy i, j , to 
GP(n)=({GP(2),,.} / ),HoGP(2)„. ~ GL i . , a cjieAOBaTenbHO JieMMa AOKa3aHa. 
,3,ajiee nycTt AaHbi nnKJinHecKne rpynnw ctpcjiohhwx noACTaHOBOK BTopon 



CTeneHH 



1 
-1 



P + (l,l) = 



r o n\ n o 

,P-(2)«. 



1 



-1 



I , KOTOptie 



BMecTe c TpHBHajibHofi noArpynnofi ncnepnwBaiOT Bee noarpynnw rpynnw P(l) . 
Tor^a nocne 3JieMeHTapHwx nocTpocHnn hmccm H30Mop(f>H3Mw Aut RP + (2) ~ 
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is tfU 50(2), Aut RP + \± 



chx shx 
shx chx 



xeR\= SO{l,l), 



AutRP~(2)~ \± 



e x 
e~ x 



x& r\ = ST(2), a nocKOJibKy P(l) = 



P + (2)e? + (l,l)©?"(2), toGL(2)= (SO{2),SO(l,l),ST(2),P{2),R + ) h no3TOMy 
SL(2) = (50(2),50(l,l),Sr(2)). nycTb Tenepb S0(2\ . = diag\l,..,S0(2j i ' j j ,..,l[ , Tor^a 
Aut RP + {n)~ ({S0{2\ M }^ = SO(n) . AHajiornnHO, ecnn = 
diag^,..,SO{l,lJ i i,..,l\ n , to AutRP + {m,n-m)~ 

l^S0{2 X, m } 7 , ^(1,1^ {S0{2) i l +l \^ = SO(m,n-m). Bonee toto, bo3mo>kho 

pacmnpeHne cnennajibHon opToroHajibHon rpynnw, a hmchho, 

Aut RP + {l } ) « (ls0{2\ M \ \ , fro(U) wl } y ) - SOil, ) . Ecnn *e SL. . = 

d/ag[l,..,SL(2)jj,..,l[,T0 Ai<? + 7?P(n) = ({sL,.,. +1 } / ) = 5L(«),rAe Aut + RP(n) - 
aBTOMop(})H3Mbi ajire6pbi, coxpaHaromne ee opneHTannio, T.e. Aut RP(n) = 
Aut + RP{n),P{n)) . 



B nenoM noHaTHO, hto BceB03M0»CHbie noArpynnw rpynnw ctpcjiohhwx 
noACTaHOBOK nopoac^aiOT BceB03M0)KHbie jinHenHbie rpynnbi (b tom nncne - 
yHHTapHbie, CHMnneKTnnecKne n t.a.), h no3TOMy 3aflana KnaccnfftHKannn, onncaHna 
n KOHCTpynpoBaHna jiHHenHwx rpynn CBOflHTca k pemeHnio Taicon )Ke 3a^aHH ,zuia 
noflrpynn kohchhoh rpynnbi. 
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